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1. INT RODU CTION

The singularity expansion method (SF3.1) has been used to express the
transient response of antennas and scatterers in a compact and useful
form . By using Prony ’s algorithm , Van Blaricum and Mittra1 were able
to extract the SF3.1 poles and residues from analytical waveforms. The
singularity expansions of .xperiinental data have also been obtai ned , 1
and van Blarictan and Schaubert7 have demonstrated that the SEM can be
used ef f c tively  to compute an antenna’s impulse response from measured
data .

Th. use of the SEM to calculate equivalent impedance circuits has
also been discussed by many authors.t However, there has been no
previous applicat ion of the SEM to calculate equivalent lumped-element
impedance circuits for antennas. Such circuits, when calculated by
using the SEN , w i l l  be valid over a wide frequency range and wil l ,
therefore, be extremely useful for transient and out-of-band response
analyses. Additional advantages of the SEN approach are that the
goodness of fit to the data can be judged prior to calculating the
circuit element values , and the impedance function can be readily
synthesized by existing techniques.

Several problems relevant to the computation of equivalent circuits
for antennas have been investigated , and the results are presented in
sections 2 , 1, and 4. Throughout the investigation , primary importance
has been placed upon utilization of experimentally or numerically
derived data. The SEN expansion of time-domain reflectometer (TDR) data
for a dipole antenna with a quarter-wavelength (V4) balun has been
obtained and used to calculate a lumped-element equivalent circuit.

2. RELATIONSHIP BFTWEEN Z(s) AND MFASURED (‘tIANTITIES

The first step in calculating an equivalent circuit is deriving the
relationship between the antenna impedance function 7(s), where s is the
Laplace transform frequency variable, and a measurable quantity. One of
the most cousnon and most easily used instruments for measuring impedance
is the TDR , which excites the antenna with a step voltage and displays

1M. t.. Van Bl . ir i cum and R. Mittra , A Technique for Extractinq the
Poles and Residues ot a System fli rectly from rts Trans i en t Response ,
r~~r Trans . Antennas r r cp ~iq.  , ~I r —2~ (November—l ’~7 c) ,  ~~ 7— ’S.’.

M .  r .  Van B la r i cu m  and P .  I I .  Schaubvrt , An F.xpt ’ri mental  rr ansient
Trans f e r Funct ion via Prony ’s Method, Proc. 19 76 USNC ’VRSI Meet inQ ,
Amherst , MA (October 1976), ~7.

*See Selected Bibliography--Trans ient Response of Antennas and
Sca f t  e’rers
tSee Selected Bibliograp hy--Experiment al Data.
tSee Selected Pibl i qraphq -Equiva~ent Circui t Synthesis.
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the resul t ing terminal  voltage as a function of time ( f i g .  1) . This
terminal voltaqe , v(t), is related to the antenna ’s impedance through
the reflection coefficient and a convolution integral. Sp.cif~cally , if
the Laplace transform pair is defined by

—StV(a) — J v(t)e dt , (la)

p .

v(t) — ~~~~~~~ J ~~~ ds , (lb)

is an appropriate constant, and j  - ~~~~i, then

V(s) 
~ v

(s) (1 + k(s) 1 . 
( 2 )

H
Va)

1
R$(11OH ItNERATOS

-

f 

_

Fiqure 1. Time-domai n refloctometer uieat~ut-ement
ot an t  e t in . t  impedance .

In .quation (2), V(s) and V 0(s) are the Laplace transforms of the
terminal voltage and excitation voltage, respectively , and k(s) is the
voltage reflection coefficient of th. antenna,

7(5) - Z
k( s) 

~~~~ +

where 7 is the source impedance of the TDR.

-
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H Applying the inverse Laplace transform (ib) to equation (2) yields

H
v(t) - ~ [~v0 Ct - i) f~~~ 

Ci ) + R (i)) d~ . (4 )

Since R(t) is the inverse Laplace transform of equation (3), the
relationship between v(t) and Z(s) is not trivial. In the Laplace
frequency domain , however , the relationship is quite simple.
Substituting equation (3) into equation (2) yields

V ( s )  5

That is ,

V(s)2(s) — ‘
~~~ V 0 (s)  — V(s) (6)

It is clear that an analytical expression for 7(s) can be obtained if
analytical expressions for V~ (s) and V(s), which are the Laplace
transforms of measurable quantities, are available. The SF14, together
with Prony ’ s method, provides an efficient means of obtaining analytical
expressions for V 0(s) and v(s)  when v~ (t) and v(t) are known in sampled
data form.

3. SINGU LAR ITY EXPANSION AND PRONY ’S METH OD

The singularity expansion of a transient waveform v(t) is defined as
the exponential approximation

N

v ( t )  —~~~ A e~~
n~’l

This expansion can be readily transformed to yield

N 
A

V ( s) — 

~ 

n (8)
n=l n

The s are the poles of the expansion and the are the residues.



p.

The problem of importance in this section is, given v(t) at discrete
points t t~ , i — 1, 2, . . ., find the A and s that provide the best
approximation in the form of equation (7~ . Be~ause the $ are not
known , this is a nonlinear approximation problem. However, ~Prony hasdeveloped an algorithm that converts this problem into two linear
problems plus one polynomial root finding problem, which can be readily
solved on a digital computer.

An outline of Prony’s method is presented below. Readers unfamiliar
with the method may consult one of the references.l ,*

If the waveform v(t) is sampled at uniform intervals ~t, then
equation (7) becomes

N s k:t
V
k 

= v(k At) ~~ A e  , k = 0, 1, 2 (9)

s~~~t
Defining 7 e , equation (9) becomes

V
k 

~~~~~ 

A Z~ , k = 0, 1, 2 (10)

It can be shown that z satisf ying equation (10) are the roots of the
polynomial equation ~

10 + cz1Z + + . . . + Zn 
0 , (11)

1M. L. Van Blaricum and R. Mittra, A Technique for Extracting the
Poles and Residues of a System Directly from Its Transient Response,
IEEE Trans. Antennas Propag., AP-23 (November 1975), 777-782.
*See Selected Bibliography--Transient Response of Antennas and

Scatterers.
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where the ,
~
.. are the solutions of the linear set of equations

v~ v 1 v2 . . ‘N—i ~ —v 1
V V ., . “N ‘1

‘. V V p —v3 • N+ l N+ 2

— . ( 1.~

V V V V —v
N—i N N+1 2N—l N—i

Prony ’s method , therefore , consists of th ree steps :

a. Solve the linear set of equations (1.~) for the c o e ff i c i e n t s  a . .

b. C~b t a in  the N t o ot s  of the }~olynomia1 t’quat ion i l l )  ar ~d
therefore , the (inn n

c. Solve the 1 in e ar  set of equ a t ion s  ( l~~ fo t  the t e s i du e s  A (~are known from steV h ) .

Since v(t) is real, the roles s (and the roots ~ mus t ei t h er  be real
or occur in complex con~ uqate  p a i rs . n

4. UNIFORM NORM APPROX I MAT1C~N

Once the poles s are known , step c of Pron ’ s method ~s i linear
approximation problem . That is , one mu st  f i n d  the  A that  u’rov ide  the
best approximat ion  to  v ~t ) f~~ - a ~~ ~~ Mos t workers in
elect romaqnet t c s - i t  t c i i  n~i have used the  L (least squa r ed  error ‘~ norm
when c~i l c u 1 a ti n q  the A . This no rm h~s the adv.antaqe tha t  i t  leads to
a l inea r  set of a1qt ’hr~ ic  equat ions  for  the r e sidues  A . However , the
I . .  norm has the di sadv an t a~it ’ t hat  i t  i s  not s e n si t i P e  to the iarsie
dev i a t i ons  that o f t e n  occur near t — C~. F’iourt’ shows a s i nq u l a r i ty
expansion obtained by the L~ norm ~~ pr ox imat  ion method. 

—
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1.4 - N ZOPOLE$

1~ E (as)

Figure 2. Typical L2-norm approximation of
time-domain reflectometer (TDR) data.

In order to improve the accuracy of calculated singularity
expansions, the third step of Prony ’s method has been replaced by the
uniform norm approximation problem: Given the poles s , determine the
residues A that minimize l i e  (t )  fl where

N S t
j e (t) max 

v (t) — A e . (13)t n
n= 1

The norm 1 defined by equation (13) is the uniform norm and is
sensitive to any large deviations of the approximation. However,
computation of the best uniform norm approximation is not a linear
problem . Therefore, additional computation time is required. A
comparison of the L2 and L,,, (uniform norm) approximation problems for
£tep c of Prony’s method is contained in table I. The two waveforms
that were used for this comparison are shown in figure 3, and the
parameters are defined by the discrete problem

mm n u n  max N
A I i e ( k ~t ) H = A 0 ~. k 5. X v (k~ t) — A c  ~~ I . (14)

n=l

10
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I.
TABLE I. COMPARISON OF L2 AND L~, NORM APPROXIMATIONS

Compu tation time (s) Squared errorNumber of Number of ~t ______________________ ___________________

Type of datapoles , N po ints , K (r ts )
L2 L.,,., L2

14 10 0.25 3 .13 3.3 Impulse response
14 14 0.25 0.12 5.62 3.0 3.0 Impu l se response
14 20 0.25 0.46 12 .3 105.5 2.9 I mpulse response
24 24 0.2 0.53 44 .3  917.4 0.01 TDR
24 30 0.2 1.89 64.9 3 .75 0.07 TDR
26 26 0.2 0.62 53.1 0.15 0.003 TDR
26 30 0.2 2.24 69.7 1076.1 0.0005 TDR

~vndersp eci!icd problem does not have uniqu e solution.

TIlE (as)
0.7 - (a)

TIME (ns)
(b) 

-

Figure 3. Test waveforms for comparison of L2- and
La—norm approximations: (a) receive impulse
response of dipole with corner reflector
and (b) time—domain reflectometer data of
dipole.

11
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Although the computation time is significantly greater for the L ,-nornu
approximation than for the L~.-norun approximation, the errors ar•
sufficiently less to make the L -norm attractive. In fact, th.
uniform norm often yields a very good approximation when th. L~ norm
totally fails due to ill-conditioning of t-he matrix equation.

Since the uniform norm is equivalent to the L~ norm wh•n p +

the above approximation problem could also be solved by using the Lp
norm with p equal to a large number. Doing so may result in so~~
computational advantages.

5. PHYSICAL REALIZABILITY OF Z(s)

The impedance function Z(s) derived from a TDR voltage v(t) must
be physically realizable to be synthesized with resistors, inductors,
and capacitors. For a 7(s) given by

(15)

I- t~ 4- . . . +

these conditions for physical realizability can be expressed :

a. All of the a . and in equation (15) are real and positive.

b. The poles and zeros of 7(s) are in the left half of the
s plane or on the imaginary axis.

c. The poles and zeros on the imaqinary axis are simple.

d. The real part of 
~~~~~~ is not negative for any value of u .

It would be desirable if the conditions a through d could be
guaranteed , or at least checked , at the early stages of the
calculation . However, the relationship between the poles and residues
of the SF.M expansion for v(t) and the poles and zeros of Z(s) is
complicated . To see this relationship, consider equation (8) for
V(s)

V(s) — _
A

~
n 

— . ( 1 6)

~W. H . Chen , Linea r Network Design and Sy nthesis , Mc( r aw—H ul l  I~ook
co., Inc., New York ( 1’) e.2) .

- ~~~~~~~~~~~~~~~~~~~~~~~~ 
. I. - -~



1’~ 
- 

-
~~~~~~

--
~
---- -

~
- -

~~~ ~~~~~~~~~
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - --, 

~~~~~~~~~~~~~~~~~~ 

- -

~~~~~~~~~~~
—-

~~~

-

~ 

-—.

~~

---- .-

~~~~~

--. -
— —‘--

~

where P(s) and Q(s) are polynomials of degree N 1 and N, respectively.
Similarly, the SEN expansion of v , (t) leads to

P (s)
V (s) = — . (17)

Q0
(s)

Substituting equations (16) and (17) into equation (6) yields

= 
Z~9~~(s ) P ( s )  i(s)

‘ I’~~(s)Q(s) — Q ( i( 5 )~~(s )  . (18)

The zeros of Z ( s ) are the zeros of V(s) plus the poles of V0(s). On
the other hand , the poles of Z(s) are different from the poles and
zeros of either V(s) or

Us ual ly ,  the generator voltage v~~(t) is a unit step function so
that V , (s) 1/s. Then equation (18) can be simplified to

Z ( s )  7 SP(s) 
(19)

Q(s) — sP( s)

This equation provides an easily computed relationship between the SEM
expansion of the measurable terminal voltage and the desired impedance
function , checks for the satisfaction of conditions a through d have
been programmed for automatic testing with the digital computer.

A procelure for generating a physically realizable impedance
function from a given V(s)  has been developed and tested. The
procedure is based on a theorem in Weinberg~ and is described in
appendix A. The results of numerical tests using the procedure ,
however , have not been encouraging. In general, when a nonrealizable
impedance function is obtained , it is best to return to the original
v(t) and calculate a new SEM approximation with different values of N ,
K, or t.

6. SYNTHESIS OF LIMPFD-ELRMENT FQUIVALENT CIRCUITS

When a physically realizable impedance function in the form of
equation (15) has been obtained , a number of standard circuit
synthesis procedures may be employed to determine an RLC network
having the prescribed input impedance. The simplest synthesis

‘ t.. Wei nberg, Network Ana l ysi.c and Synthesis , Mc~raw— Hill hook Co.,
Inc ., New York (l’~6~~ .
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procedure is based on the partial fraction expansion of the impedance
function in equation ( 15) .  This procedure has failed for the examples
considered because the individual terms of the partial fraction
expansion are not all physically realizable. Therefore, more general
synthesis procedures such as those of Brune or Bott and Duff in must be
used . -~~‘~~~

The Brune procedure has been selected for the examples that
follow. This procedure leads to the least number of circuit elements

for a given impedance function. A brief description of the Brune
synthesis procedure is given in appendix B.

To illustrate the SF.M method of equivalent circuit synthesis , a
standard gain dipole wi th  a A/4 balun has been measured , and its
equivalent circuit has been calculated . The original data obtained
from the TDR experiment are shown in t i~~u r & ~ 4.  An SEM .approxim.ition

having 12 poles is shown in figure 5. The values of the poles and
residues are given in table II.~ The maximum deviation of this
approximation is 20 dB belbw the 0.5-V signal level , and the total
energy in the error signal is 20 dB below the energy in the actual
signal. The impedance function calculated from equation (19) is

a~) + -~ . . . +
= 

~~~~~~~~~~~~~~~~ 
(20)

3W. H. Chen, Linear Network Design and Synthesis, McGraw-Hill Book
Co., Inc., New York (1962).

~L. Weinberg, Network 
Malysis and Synthesis , McGraw—Hill Book Co.,

Inc., New York (1962).
*Since the SEN is an analytical representation of the experimental

data, the poles and resi dues c,an be expressed to several significant
figures. Maintaining these significant figures throughout the
calculations insures that the resulting equivalent circuit will
accurately model the SEM approx imation to the data, Of course, the
equivalent circuit model for the antenna cannot be nvre accurate than
the original data.
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where

= ~ ~ io-~
0.00 b~j — 0.765 10

ai 0 .668 10 ” — 0.258 ~ l0~’

a 0.197 ~ l0~ b , 0,286 x l0~’

a~ 0.156 x lO~ b 3 = 0.254 x

a , 0.112 x 108 b,, = 0.177 x l0~’

a , 0.512 ‘- 10~ b5 0.774 x 10”

a,, 0.206 ~- l0~ h,~ 0.353 ‘- 10’

57 0.592 10” b7 0.952 - 10”

0.157 10~ h8 = 0.287 x 10”

a~, 0.273 ‘- 10’ b~, = 0.487 ~ l0-~

0.493 ~- 10” b10 0.957 x 10

0.428 l0~ b11 = 0.830 ~ 101

a 1 0.477 10 ’ b 1 . 0.105 x lOl

This impedance function is physically realizable as can be seen from
the coefficients of equation (20), the locations of the poles and
zeros (table III), and the value of the real part (fiç~. 6). By using
Brune ’s synthesis procedure , the lumped—element equivalent circuit in
figure 7 is obtained. This circuit can be substituted for the antenna
in any network analysis code. For any frequency within the range of
validity of the equivalent circuit (typically several decades), the
computed voltaqes and currents within the network would be the same as
if the antenna were attached . For receiver applications, a Thevenin
representation of the antenna consisting of a source and the
calculated equivalent impedance circuit can be used.
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F iqu r e  4. Time—domain r t ’t l e c t o m e ter  data  of impedance
ot  d ipi~1c with A/ 4 b a lu n .

H

o i.o 2.0 3.0 4.0 5.0 5.0 7.0 6.0 9.0 10.0
TiME (its)

Fiqure  5. Twelve-pole s in qu l ar i t y  expansion method
(SEM) approximation t o  t ime—domain r o t l oct o m e t e t
(TDR) data of di pole antenna.

TAPLE II .  POLES AND RESIDUES OF SING ULARITY EXPANSION METHOD

APPROX IMAT I ON 10 DIPOLE DATA

Pol e”, (~~l0  ‘) Residues

—O. ’~3I2I~ 6.05277 -0.O’~O76 • jO. I21436

-0.835014 j3.Q7729 -0.19291 ‘ jO.414 911

-0.72280 I.82~ O8 -0.31189 j0.O62 ’~2

—0.63500 j2. ’2050 -0 .10172 - j C . L~0 2 3 ’

-0.62~~l9 ‘ IL~ 888 1~ 0.’~9146O J0.00000

• 0.00000 0 .391214 • 10.00000
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TABLE II I .  POLES AND ZEROS OF Z(s) FOR DIPOLE

Po les  (.10~) Zero s ( .10  ~)

-2.3542 ~ J4 .0616 -2. 1230 • jI .8792

-0 .33 145 ‘ ~S.2S96 -1 .5150 • jS.6375

-0.1807 • j3.5347 -0.3259 • j2 .3158

-0.1739 • 12.7866 -0.2395 • j3 .2719

-0.0864 • p.4718 -0.0504 • .j14 .3324

-0 .14625 + 10.0000 -0.4625 + 10 .0000

-1 .2186 + 10.0000 
- 

0.0000 + 10.0000

1 J L A
~~~~~~~~~~~~~~~~~~~

/
~~~~~~~~~

—100.5
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.6 0.9 1.0

FREOUENC Y (6Hz )

Fi qure 6. Real p~irt of ~ (s) for di~o Ic.

To check the synthesis procedure , a circuit that represents the
TDR experiment has been analyzed by using the SPICE computer code.
The circuit consisted of a 1-V step generator, a 50-ohm source
resistor , and the lumped-element equivalent circuit (fig. 8). The
calculated network response and the expected response (SEM
approximation) are compared in figure 9. The comparison is excellent,
and the equivalent circuit is a very good representation (errors at
least 20 dB below signal) of the actual antenna.
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Figure 9. Comparison of desired (singularity expansion
method--SEM--approximation) and calculated
responses of lumped-element equivalent
circuit  for dipole.

The equivalent circuit for a yagi antenna has also been
calculated. The TDR data and the 10-pole SEN approximation are shown
in fi gure 10. The poles and residues of the approximation are given
in table IV. The energy of the error signal is 26 dB below the energy
of the actual signal . The impedance function for this voltage is

a0 + a 1~~~+ . . . + a 1 ( -,s ’
Z ( s )  = .. , (2 1)

+ b 1s + . . . + b 10s 10

where

o s 10— 10

a0 0,00 = 0.151

a 1 — 0.194 x lO’~~ b 1 = 0.918 X lO~~

a 2 0.112 X 10-2 b 2 0.200 ~

a 3 = 0.218 x 10_i b 3 = 0.237 x l0~~

a, , = 0.184 x 1001 b~, = 0 .225 ‘
~

a 5  0.887 X b5 = 0.161 X 10
_ i
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a , ,  0. 451 ~ 10 1 0.564 ~ 1O~~

a - ~ 0. 107 x 10~ 0.2 56 10 ’

a 8 0 . 312 102 b 8 0,45 6 10’~

a 0.315 x 
~~~ b~, 0.101 ~ 10 1

= 0. 489 ~ 10~- b 10 = 0.102 x 10 1

Examination of equation (21), the data in table V , and figure 11
reveals that this impedance is physically realizable. The Brune
synthesis procedure yielded the equivalent circuit in figure 12.

0 2.0 4.0 S.D 6.0 10.0 12.0 14.0 16.0 16.0 20.0
liME (iii)

F t ~iu i -~’ l~
) . Ten—pole sinqularity expansion method (~ E~l1

•ii’i’r~~x i mat ion t o t ~me—do nu III i 0 t I oct  omt’t e i ( Tt)1~)
data of yaq an t  enna

TABLE IV. POLES AND RESIDU ES OF S IN GL LAR I T Y EXPANSION
METHOD APPROXIMATION TO YAG I DATA

Poles (.10 ) Residue s

-2 .OQlc O • jI .36453 -1 .05713 1.29353

-0.58429 ‘ j14 .24~ li3 -0.03312 - jO.06859

-0.14017 2.47081 0.03728 0.00743

-0 . 314 856 jo.ooooo 0.140060 ‘ j0.00000

-o.q4222 10.00000 0.88773 jO.00000
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A SPICE analysis of the TDR response of this lumped-element
equivalent circuit yielded the result shown in figure 13. There is

excellent aqreement between the expected and calculated waveforms.

0$ ~~~ CAL~*iAmN

$*~ 

T~~E (as)

F iqur e  13. Comparison of desired t~ in qu l ar i t v  oxpansion method — — SE M——
.~ppt oxtmat ion ) and calculated responses of lumped—el ement
equivalont c i rc ui t  for  y aq i .

7. TRANSFER FUNCTION CALCULATIONS

The terminal properties of a linear, time-invariant antenna can
be completely described by a Thevenin or Norton equivalent circuit.
These circuits consist of two parts: (1) an independent source that
represents the open circuit voltage or short circuit current of the
antenna when it is illuminated by an electromagnetic field and (2) an
equivalent circuit that represents the antenna ’s input impedance or
admittance. This equivalent impedance or admittance circuit can be
synthesized by the techniques described above. Furthermore, the SEM
can be used to characterize the independent source.

The S~ i characterization of the antenna ’s voltage or current is
obtained by calculating the impulse response or the frequency domain
transfer function of the antenna in the form of equation (7) or (8).
The characterization is calculated by finding an SEM approximation to
the measured or calculated response of the antenna (open circuit
voltage or short circuit current) to a short pulse of electromagnetic
.nergy .2’5 This S~~.i approximation is an analytical estimate of the

2M. L. Van Blaricunt and D. H. Schaubert, An Experimental Transient
Transfer Function via Prony ’s Method , Proc. 1976 USNC/[IRSI Meeting,
Amherst , MA (October 1976) , 07•

5D. H. Schaubert , Measurement of the tmpulse Response of
Communication Antennas , Harrq Diamond Laboratories TR-1832 (Ncwember
1977).
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antenna’s impulse response, and it may be convolved with any incident
waveform to obtain the resulting terminal voltage or current.
Therefore, the SF.M can be used to generate equivalen t ci rcu its that
completely characterize the terminal properties of an antenna .

8. CONCLUSIONS

The singularity expansion method (SEM) has been shown to be an
effective tool for synthesizing lumped—element equivalent circuits
from experimentally derived time—domain reflectoineter (TDR) data. The
poles of the SEM expansion are calculated by using the standard Prony
algorithm . The residues , however , are calculated by an iterative
scheme that yields a uniform norm approximation instead of a least
squared error norm approximation. The uniform norm provides much
bette r contro l of the early t ime errors and leads to a better overall
approximation . The increased computation t ime required for the
u n i f o r m  norm approximation is readily justified because this time is
not large compared to the total time for  ca lcula t ing tI.e equivalent
circuit . Furthermore, the time spent in calculatini.~ the SEM
approximation i-’~ repaid by the final circuit , whic h produces exactly
the voltage response prescribed by the SEM approximation.

Once the physical realizability of the calculated impedance
func t ion ha s been verified , a standard circuit synthesis procedure ,
such as that of Rrune or Rott and Duff in , may be used to obtain the
desired PLC equivalent circuit . In general , the partial fraction
expansion of ~~( n )  will not yield subcircuits that are physically
realizable.

When combinc i with the previously developed technique for
measuring the impulse response of antennas , SEM synthesis of
equivalent  impedance c i r cu i t s  is a powerful and general ly  applicable
tool for converting experimentally obtained data into Thevenin and
Norton equivalent circuits for use in wide—bandwidth analytical
modelling of t ransmit ter  and receiver systems . 
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APPENDIX A.--PHYSTCAL REAL I7M~ILITY VIA MULTIPLICATIVP~ FACTOR

Theorem 6.5 in Weinbe rq~ states that ~(s) — P.111 1 ~ R (s)]/)1 -

R(sfl Is a physically realtEahie function if and only If

1. R ( s )  is a real rat ional  f u n c t i o n  w i t h  no poles in the r ight
half plane or on the Imaginary axis , and

. R (1 -) 1 for all real

This theorem and equation (18) in the main body of this report
can be used to obtain an impedance function ~‘.~ (s) that depends on theparameter ~ , ~ .- ~ 1. For ~ — 1, (s) equals the impedance
corresponding to k ( s) . For C~ ‘ a l ,’~ Za (S) is the impedance
corresponding to a reflection coefficient ak(s)

The proposed scheme for ca l cu la t ing  a phys ica l ly  realizable
Impedance function i-equi-~ es that- the singularity expansion method
(SF.M) approximation to V(s) and V 1 ( s )  he manipu lated to obtai n
k(s) N(s)/fl(s), where N(s) and D (~i)  are polynomials. Then

r’ 1 + aR ( s )
— ~ — -~R(sI (A— l~

can he calculated for various ~~, and the largest ~ 1 for which 7. (s)
is physically rea1 i~-able Is the “best” impedance f u n c tio n .  (“Be st~ Is
used in the sense that the pol es and zeros of the reflection
coefficient are those obtained from \‘(s) and V (s) and- — ~ R( j-) 1.)

The i mpedance function ~~ (s) can be re]ated directly to the SENexpressions for V (s) and V~, (s). Equation (2) iii the main body of the
report implies that

.. ,
~~> 

P(s) 
~~ 

(s;)
R(s) .~ 

—
~,

-
~

——- — 1 -‘ .‘ — 1 .\ 
~(s)  Q( s) t ’ç1(s)Therefore .

.‘~‘*1’ ( ~.) ~~~ - .
~ 

— Q (s) P ( - -)
R (s) ‘~‘~~~

) — (A— ~1
I ~ ) P, - -

I . .  Weinberq , Network Ana ly s i s  and synthesis , Mc - raw—~i i  R~~ k ~~
‘ ‘.

Inc., New York (JI) ~~’),
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Substituting equation (A-3) into equation (A-l) yields

( 1 — a ) Q ( s ) P 0~~i ;)  + 2 z P ( s ) Q 1 1 ( s )
Z (s) Z 0 ( 1 + u ) Q ( s )  P 11 ( s) - 2uP (

~~
) Q

~ 
( s )  (A -4)

For step function excitation, V 0(s) l/s , and equation (A— 4 ) reduces
to

( 1 - 
~~Q (s) + 2 I s P ( s)

Z (s)  = Z0 ( 1 + - I ) Q ( s )  — 2~~sP( s)

S__ i ITi~~~  . -
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APPENDIX B. --BRUNE SYNTHESIS OF RLC NF1’.VORXS

A detailed description of the Brune synthesis procedure can be
found in many texts. The following is a brief summary of the
procedure.

The Brune synthesis procedure is based on the tee representation
of a transformer (fig. B—i). In the tee representation, one of the
inductances L or Lc is negative, but the network Is still considered
physically rehizable.

L1 L~

_ _  

•

11+ Lb
M~~L1

Figure 8— 1. Equivalent  representation s of t rans former.

starting with the nth order impedance function ,

n n— I
a ~ + a s + . . . + a0

Z ( s) = —
~~

---— - 5 -—5- — -
~~~~~~~~~~~~~~~~~~~

5-
~~~~~~~ 

, (8- 1)
b s~ + h 4 . . . + b 1~n n—I

a single cycle of the synthesis procedure yields the network in
figure 8-2, where Z~,(s) is of order n-2. The Brune cycle for reducing
Z(s) consists of four steps:

1 L. Weinberg, Network Analysis and Synthesis , McGra w-H ill Book Co.,
Inc., New York (1962) .

2 W. H. Chen, Linear Network Design and Synthesis , McGraw-Hill Book
Co., Inc.,  New York (1962). 
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APPENDIX B

1. Remove R 1 a 
m~n Re Z(jw) (fig. 8-3).

2. Remove L1 — Im Z (j w 1 )/u 1.

3. Remove the shunt arm L
2
C , which produces zeros in ZS) Cs)

at s = ±jwj. . S

4. Remove L1, which causes Z3(s) to have a pole at infinity .

Z(s) 

.__Th,. VP._ _ S _ r . r r i —-

r 
r T r :  r-

Z1(s) Z2(s) Z3(s) li(s)

Figure B—2. Realization of single Brune cycle.

- t Ae ZOW)

H

Figure 8-3. Typical resistance function for Brune
synthesis procedure.
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APPENDIX B

These four steps require polynomial manipulations that can be readily
programmed on the digital computer . The equivalence in figure B-l may
be used to convert a Brune circuit containing a negative inductance
into a transfo rmer as shown in figure 8-4 .

ELPPL::L3 ZEJ
Figure B — 4.  Final  Brune circuit wi th  tr ans fo rmer .
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DEPUTY CHIFi- (‘F STAFF US ARMY AIR MOBILITY R&I) LABORATORY 

—

FOR OPERATIONS ~ PlAN S FORT FI STIS, VA 23 604
WASHINGTON , rX’ 20301 ATTN SAVDL-EU-MOS/MR. S. POCILUYKO

ATTN DAMO-RQO/COL E.  W . SHARP ATTN SAVDL-EU-TAS(T ETRACORE )
ATTN DAMO-SSP/COI, D. K.  LYON
ATTN DAMO-SSN/LTC P. E. LEARD COMMANDER
ATTN DAM O-SSN ’tTC B. C. ROBINSON US ARMY COMMUNICATIONS RES & 0EV COMMAND
ATTN DAMO-RçZ/COL G. A. POLLIN , JR. FT. MONMOUTII, NJ 07703
ATTN DkMO-TCZ- MG T. M. RIEN~~I ATTN PM , ATACS/DRCPM-ATC LTC DOBBINS
ATTN DAMO-ZD/A . GOI UB 

\ ATTN DRCPM-ATC-TM

\ ATTN PM , ARTADS/DRCPM-TDS/BG A. CRA WFORD
DEPARTMENT OF THE ARM Y 

\ ATTN DRCPM-TDS-TF/COL D. EMERSON
CHIEF OF RESEARCH , DEVELOPMENT , 

\ ATTN DRCPM-TDS-TO
AND ACQUISITION OFFICE \

~,DrN DRCPM—TDS-FB,’LTC A. KIRKPATRICK
WASHIN GTON , DC 20301 A\TN PM , MALOR/DRCPM-MALR/COL W. HARRISON
ATTN DAMA -RAZ-A/R. 3. TRAINOR AT~~ PM , NAVCOM/DRCPM-NC/COL C. MCDOWELL, JR.
ATTN DAMA-CSM-N/I,TC OGDEN ATTk PM , REMBA SS/DRCPM-RBS/COL R . CO II’EY , SR.
ATTN DAMA-WSA/COL W. E .  CROUCH , JR P1TTN\RSEL-TL-.IR/14R . P. FREIBERG
ATTN DAMA-WSW/COL L. R. BAUMANN ATTN D\SEL-SA/NORMAN MILLSTEIN
ATTN DAMA—CSC/COL H.  C. JELINEK ATTN DR~~~L-MA— C/J . REAVI S
ATTN DAMA-CSM/COL H. P. BAILEY ATTN D Rth {-CT-HDK, AB RA HAM E .  COHEN
ATTN DAMA -WSZ-A /MG D. P. KEITH ATTN DRSEL\GE, T. PREIFFER
ATTN DANA-WSM/COL J. B.  OBLINGER , JR. ATTN DRSEL-%~L-MD , GERHART K.  GAUI .E
ATTN DAMA-PPR/COL D. E. KF.NNFY ATTN DRSEL-G~ -TD, w. r . WERK

ATTN DRSEL-’rR -.ENV , HANS A HOME E
COM.MANDER ATTN DRSEL-TL-ME , M.  W. POMERANTZ
BALLISTIC MISSILE  DEFEN SE SYSTEMS ATTN DRSEL.WL-D
P .O .  BOX 1500 ATTN DRSEL~ NL-D
HUNTSVILLE , AL 35807 ATTN DRSEL rTL-IR,  EDWIN T. HUNTER

ATTN BMDSC-TEN/MR. JOHN VEFNEMAN ATTN DRSEL’-CT , RADAR
ATTN DRSELLCT , RADAR DEVELOPMENT GROt r

COMMANDER ATTN DRSEL~-WL , ELECTRONIC WARFARE LAB
US ARI.IY FOREIGN SCIENCE ATTN DRSE I~-CT-R , MR. BOAS GELERNTF R

AND TECHNOLOGY CENTER ATTN DRSEI~-WL-S , MR.  GEORGE HABF.R
220 SEVENTH S T . ,  NE ATTN DRSEL,-VL-G , MR.  SOL PERLMA N
CHA RLOTTESVILLE , VA 22901 ATTN DRSF*NL-CR-1 , OR , FELIX SCHEVERING

DIRECTOR COMMANDER
US ARMY MA TE RI FL SYSTEMS ANALYSES ACTIVITY US ARMY MI5~~ILE MATERIEL READINESS COMMAND
ABE RDEEN PROVING GROUND, MD 21005 REDSTONE AR~~ NAL , AL 35809
ATTN t)RXSY-C/DON P. BARTHEL ATTN DRSMI-~~RR/flR. F. C.IPSON
ATTN DRXSY-T/P. REID ATTN DRCPM-~A,’COL P. RODDY

ATTN DRCPM-~ CCX/L. B. SEGGFI, (LANCE)COMMANDER ATTN DRCPM-t.~~/GENE ASHLEY (PATRIOT )
US ARMY SATELLITE COMMUNICATIONS AGENCY ATTN DRCPM-M~
Pr. MONMOU T H , NJ 07703 ATTN DRCPM-Pt/COL SKEMP (PERSHING)
ATTN LTC HOSMER ATTN DRCPM-SHO

ATTN DRCPM-TO
DIRECTOR ATTN DRSM I-R , RDE & MSL DIRECTORATE
BALLISTIC RESEARC H LABORATORIES -

ABE RDEEN PROVING (‘.ROUND, MD 21005
ATTN DRXBR-XA/MR. 3. MESZAROS
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COMMANI’b K COMMANDER

~S ARMY ARMAMENT RESEARCH US ARMY COMBAT DE~TLOPMEN TS EXP E RI MENTA3’I ON
‘FV h i  CI’MENT COMMAND COMMAND

IX’VEK , NJ 0 5 C 1 FORt’ ORD, CA ‘)41
ATTN t’Kt’AR-Np—\ ‘AN I  Fl WAXI.FR

COMMANDER
COMMAN: I K )8~’ MASSTFR
US ARMY TANK AUTCMOTIVI-’ FORT HOOP, TX (, r,44

M A T F R I F L  Rh A : ’ I N I ’ SC COMMAN D
WA RKF N , M~ 45C ’N ’ COMMANDER

A ’TN P R S I — k ’ H T  M R .  P . H A S U K  I’S ARMY A I R  FEl l- N SF SCHOOl .
~ “~‘N ~‘KC1’N N M — i  MR. - W~\~t COT FORT BLISS , TX ~~-~~‘h i t .
ATTN !‘R ~’ l ’M— ,’~CM-- SW M R .  K . SLAI’GIIT! N ATTN AT SA - ’t’

P R E S I I - F N T  COMMANDI’K
I1A , H A ,  VS ANMY\~KM~’K AN D I S  ARMY ARMOR SCIIC’O1.

FNC I KEl P 1N’ARF FORT NN CX • KY 4C1.’ 1
FORT KNON, KY 4, ’ \‘ 1 ATTN ATSI4—cT P
Ar’rN STE1hH— MC NA .’ SANCO-rERRA

COMMANI’1--R

~‘OFtMJtNI’l N -
- 

I ’S .- \KM\ AU I AT ION C!’NTI R
WHITE SAN t ’~. M I S C  I F R~ N ’ . : t -  I”C K I’ R U C K I S , AL i i -  i t’ C

W H i r l  SAM’S M I S S I L E  KA~ Gl - , NM 88 ’C . ~ rTK ATST-F-Ms
ATTN C NS—rF—M - :’ MARv I~ S~’t ’t RI’S

~
‘- ‘MMA N t’l K

COMMANDER US ARM Y ~‘KI’N ANCI ‘ . I N I ’ l  S A N t ’  SCHOO l
:‘RA SANA - 

‘.6-k RU-k UK  UROV I N C  • ‘
~~ ~~~

SYSrI’S ANA LYSIS ACTI\’TTY A lt ’S t C A ~\~ .S
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A ~ l’N ATSL— ’ .’Tt’
Ar - I N AI ’AA -  t r ~~ U N .  0. CCI T F R

.\‘MMANI’l K i’S ARMY tN ’ .: 1 5 1 - h R  ~Chl ’.\ ’t
ARMY ‘.‘‘“ l \ t ~ Al ’ l K:: COMMAS:- tORI ’ I’F1 Vol R , \‘A .‘2 L ~ (’~~

FORT lht A~’hhl ’ CA , -‘C~ S’,’~ ATTN A TCI — CT I ’
A I’T N A’.” .’—A I ’ - ’. ’ U .  I .ASTTTFR

( I M P Sl I FY GU1 ‘.O’IMANI’! K
I’S ARM\’

‘1 I’l l’ V CC’MMANF’l K tORI HI NN I N~ - C A  ~j .)J r
V •  ARMY M C I  I A N  A~ .1 N~’\’ A l t’S (:‘Sn—’.TI’

— ‘ lt ’\, Kt I , K  RD
HI’ I ID INC 2i~ ‘.‘OMMANFpK
SPR INIFrI - lI ’ , VA .‘.‘ l ” ’  I’S ARMY INTEl 1 ICENCF ‘.‘l KTt’R AN:’ SCHO’.M

A l l ’S  MOSA WF ‘ ‘1 ‘t . IN -’VF’Pfl I FORT hu ’ACtht ~~A , A:’ S ” t.l 1
•\ I I’S AT : : I —Cr1’

‘.‘ ‘MMA Ni t’S
I S  ARMY SIG NAl SCIIs ’Ot
II’ . GORI’ON , ‘.; t ’.~~ ’.’,c A R M Y  I I  1 . F  ART IllERY SCHOOl
ATTN A (S O — C l  I ’ It I 1 MANNI l I / FORT SI  I ,
ATT N A t : -  I - C l -F -C S  A l T  ; . -V t XANDFR All ’S A-rsF’— CTD

( I N : ’ A C S k  f
-Art ’s ATS~’— I t’—CS I I’C H. : ‘N--tIIOKI - ‘.‘l( I I F  - ‘I N A V A l  CI’FRATI’.’N:-

NA\’\’ l’ } .\ l - C N t N r
t ’ I K I ’ ’i’ ’K K A : - I l  1 5 . 1 0 5 , IV .‘ )  “-‘0
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El’ . MONMO I ’ I ’l l .  N , ’ 0 ‘

~~ CAPT F • V . 1
ATTN TRI — TA’.’ N ’K” Ut ’IITOI 1’ ‘~ II’S N ’.’l’ — ’ t S t - ’ • COMMI’N I CAT tO NS UK

‘. ‘.‘K L. l AYMA N
‘.‘OMMANI’t N Al’ s soi - - t ’ .~~ , sI ’RF ’A ’ .’t Wi- Al ’C ’N: ; BR
I’S ARM Y ‘.‘- ‘MMANI’ AN:’ INI RA I l A l t COt Il l ’ ‘.Ah’ ’.’ ‘.1~ ~~ . ‘.‘IF’.’l U’I I
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D I S T R I B U T I O N  (Coi t t ’ ’.l)

HF .ADQLIART ERS, NAVAL MATERIEL. COMMAND h ARRY t’IAMONI LAB’.’RATOKI l:-
STRATEGIC SYSTEMS PROJECTS OFFICE ATTN COMMANDER
1’~31 JEFFERSON DAVIS HIGHWAY E l l E N , I . N .  IAN I ’ 1C . P . E .
ARLINGTON , ‘.‘A 0 I’IO SOMME K . H. OCWAI.t’, K. B.
ATTN NSP22OI , LAUNCHING & HANDLING ATTN CARTER , W . W ,  , U ,  • lE C IINI -A l

BRANCH , BR E N G I S E F ’ N , P .  P. F’AUKO ’r DIRECTOR
ATTN N S P - 2 4 0 .  F I R E  CONTRO L & GUIDANCE ATTN WISE MAN , ROBERT S . ,  t ’ K . ,

BRANC H , BR EN G INE E R , 0. COl t’ IARDEL- ,’T
ATTN N SP— 2 ~O 1 , MI SC1LE BRANCH , ATTN MARCUS , S . N . ,  00

HR F N ’ . :I N I -- t - - R ,  C .  W . P I T SFNBEN ’. :FR  ATTN KIMM E L,  S . ,  PAO
ATTN C H I E F , 0021

COMMAN DER \ ATTN CHI EF , 002$
NAVAL SI ’ H EA ’ .’E Wi-7\l’ON :: CUS TER ATTN C I h I l t ’ , IA!’ i . ’’
WHITE OAK , MI ’ 20’) tO  ATTN CU I l l , I.AB ‘‘.‘~ ‘

AT I’S COI’F’ 2.’.’ , l I  l-’CI’ROI-IJCU F~LF.CTRO— A ll’s Cli I l l , LAB I ’ . O
MACINPFICS U I V  ATTN C H I E F , l.M 4 ’ ’

A~ TN CO D E 4 3 1 ,  AD”.’ANCF.D Fi’L;R F I X ’  ATTN ‘.‘h u F l . l Ahi “00
ATTN CHIEF , lAB i ” .’ )

I S  A I R  FOR ’. F , HE A DQUARTERS ATTN 0111FF’ , Vt’.’ ‘01’
, RI - S I -ARC H ~. L’UV1 I OI’MEN’t ATTN 11 1 1- , l i v

WASHIN GTON , DC .203 4 ’.) ATTN ‘.‘I I I E I ’ , LAB ‘400
A TTN 1 1  R OF OPF: N AT IO N AL Kt-\ ’l’ I R~MENTS ATTN II 1 11 , LAB 100’.’

ANt’  DEVELOPMENT I’I ASS , S A’ ,‘. ATTN RECORD COPY , HR 41
LTC P. T. F U 1 S H E R R V  

~ 
ATTN HIAL LI BRA R A’ V. COP It :; 1
ATTN ‘. I I A I K M A N , 1 1 - I  I” .’ K I A L  ‘M~M lr l-l t

COMMANDER 
\ ATTN ‘111FF , 04’

Al’ WEAPONS LABORATORY , A FSC \ -A ‘5 t E ll REPO Rt’ S , ‘ . 1
KIRTLP’.ND AFB , NIl U ’11 7 ATTN PATENT LAW l ’R A N C U , 0 , 1
A’rI’N ES , FLFM1’HONI’.’C DIVISION A Pi’S Ctt ’Fh ’ Ott - I l , ‘41
ATTN E l . ,  J , DAR HA H A I I’S LAN HA M • C. , CO .’ I
ATTN TFI ’ I IN I C A I  LIBARY A I I’S - ‘ I t  F E , HR 110
ATTN 0. I .  LAWRY A rTs C H I l l  , 14k 1.”

A PI’S C H I E F ’ . HR 14 0
‘OMMAN I’l ’l :  ~ ‘A I t S  CH 1FF , HR 14

A F R O N A I ’ I  l , At  CY S’I’FMS l ’ l ’ . ’ I : - t ’N , A U: ; ’. .;- t— i - s H I l l , 1 K  151’
Wii I ChI T— PATT I-: RSON AF’B , 011 4’. 4 4 4  -A I’S S I l  I I I  - 51< 1 C 1 0 I .‘ ‘ - ‘h’ I F S

ATTN A Ct ’ \‘Ii , DEPUTY I C R  B — i  A I l S  H I F F ,  UK I - ’.’’  ~~.
‘ , ‘I II’S 1

-A IS it I t t ’ , HR 1 ’  40 
~~.
‘ ‘.‘OI’ I I S I

F - ‘MM , A N I ! 5 -A I’I’\ . 1 4 1 1 1 ’ , HR 1 - ‘4 - ‘ 1 2 - I ’ l l ;

II ,’ C h ’ A ~~~ A N t ’  M I S S I L E  Sy ; I ’ F ’M ; -  -K ’ ..A N l . ’ A V I ’s A I l S - (0  I - 14k i . ’’’.’ ~~.‘ , ‘OI’ i t ’Cl
P . O .  ‘~~i ’ ’t ’0  WORLDWAYS PO STAL, ‘F NTF P A l’S : 5 : - K  I S - - . C • t , , 2
105 A S S I I , E S , CA ‘IC ’ ’” Al’  I’S WYA-rr , W .  I . , I ‘00

-A UrN s ‘u, I ’ t F’! N: F - :VSrF’M ’ APL SI ’ ’ A ll’S W I M P S  i : : , F , 5• , 5’ ‘4
A I I M  X R’F. l ’ K A ; l - I  . \ - - l’i M ‘ I N  A l l ’ s  S U I t S , I i . ,  i t ’
-A I l S  SYC , CI SN I VA I l  I t  I r\ ‘F’.’ A r :’s - - ‘ -A R K  , S , , 1. ’ 4.

A I S  F I N A I 1 ’  W . ,  I ” ’
~‘ ; ‘M MANFI  4: -A ll’S U, ’h(Al hiI H I .  I’. ( 2” C. ’I I F: ;’
Al Cl !-’ I A t KF AI ’S - I S I ’  • Al ;, . -
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